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We deal with supports of tensor products of irreducible representations of locally 
compact groups. The main result describes the structure of almost connected 
groups for which tensor products of representations in the reduced dual have com- 
pact supports. An immediate consequence is that an infinite almost connected 
group cannot have a compact reduced dual. Furthermore, the continuity problem 
for these supports is studied. G 1987 Academic Press, Inc 
Let G be a locally compact group and G the set of all equivalence classes 
of irreducible unitary representations of G. G’, equipped with the usual 
topology, is called the dual space of G. In this paper, we continue our 
studies [ 12, 131 of problems related to supports in G of tensor products of 
irreducible representations of G. 
It is a consequence of the Pontrjagin duality theorem, that a locally com- 
pact abelian group with compact dual is discrete. However, easy examples 
show that a non-abelian locally compact group need not be discrete even 
though its dual space is compact. It was this fact which motivated us to 
investigate the connection between the compactness of supports of tensor 
products of irreducible representations and the group structure. 
Section 1 contains some preliminary facts on compactness in dual spaces 
and a thorough look to groups with small invariant neighbourhoods of the 
identity. Our main result is proved in Section 2 and can roughly be stated 
as follows. Let G be an almost connected group, and suppose that for all rc 
in the so-called reduced dual of G, the tensor product n@ X (where ii 
denotes the conjugate of rc) has a compact support. Then G is a finite 
extension of a direct product of a vector group and a compact group. 
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Finally, in Section 3, we are concerned with the continuity of the map- 
ping (71, p) -+ supp II @ p from G x G into the space of all closed subsets of 
G, endowed with Fell’s topology [4]. This question has already been 
studied in [ 133, and the result we obtain here is largely based on [ 131. It 
turns out that for an amenable Lie group G, the continuity of this mapping 
is equivalent to that every conjugacy class in G is relatively compact. 
1. PRELIMINARIES AND COMPACTNESS IN DUALS 
Let G be a locally compact group and C*(G) the group C*-algebra of G. 
We use the same letter z for a unitary representation of G and the 
corresponding *-representation of C*(G), and ker x always denotes the 
C*-kernel of ‘II. The set Prim C*(G) of primitive ideals of C*(G) carries the 
hull-kernel topology, and the dual space G of G is the set of equivalence 
classes of irreducible unitary representations of G endowed with the weak 
topology with respect o the mapping rr + ker rc from G onto Prim C*(G). 
If H is a closed subgroup of G and z a representation of H, then Ind$ 5 
denotes the representation of G induced by r. Moreover, for x E G, the 
representation tX of xHx-’ is defined by z”(y) = z(x-‘yx). In case H is 
normal, these rx form the G-orbit G(r) of z. 1, always denotes the trivial 
representation of G and rr@p the tensor product of 7c and p. 
If S and T are sets of unitary representations of G, then S is weakly 
contained in T (S< T) if 
n ker a 2 n ker t. 
(TES TET 
S and T are called weakly equivalent (S w T) if S 4 T and T< S. For any 
unitary representation rc of G the support of x is the closed subset supp 7c = 
{r E 6; r < z} of G. In particular, the support of the left regular represen- 
tation of G is the reduced dual G, of G. Recall that G, = G iff G is amenable 
[6]. For sets 17 and Q of unitary representations, it is convenient to 
introduce the following notations: 
zz@a=(7Tow;7rrzz,wEQ} and suppn= (pEG;p<l7}. 
We list briefly some classes of locally compact groups which will occur in 
the sequel. Here Z(G) denotes the group of inner automorphisms of G. 
[SIN]: G has a fundamental system of Z(G)-invariant neighbourhoods 
of the identity 
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[IN]: G contains a compact Z(G)-invariant neighbourhood of the 
identity 
[FC] -: every conjugacy class Z(G)(x), x E G, is relatively compact. 
[FD]-: the commutator subgroup of G is relatively compact. 
Then [FD] ~ E [FC] - 5 [IN], and GE [IN] iff G contains a compact 
normal subgroup K such that G/KE [SIN] [7]. 
As is well known, for locally compact abelian groups G, compactness of 
G implies that G is discrete. More generally, this conclusion holds for 
[SIN] groups (see [ 11, Theorem 21 and Corollary 1.7) but not in general: 
EXAMPLE 1.1. An example of a nondiscrete group G having a compact 
dual space was given in [ 1, p. 1441: the semi-direct product G = Z cc IX!, 
where Z acts on [w by (n, x) + 8x. As a second example, consider the semi- 
direct product G = Q-’ cc 0, where themultiplicative group W = a\{O} of 
the rational numbers Q acts on Q = Q by multiplication, hence on 6I by 
the dual action, and where Q and Q” carry the dizcrete topology. In fact, 
there are only two orbits (0) and Q” = G( 1) in Q, so that by Mackey’s 
theory 
G = @u { Indg 1 }, 
which is compact. Notice that G E [FD] -. 
Remark 1.2. Let A be a C*-algebra and B a dense *-subalgebra of A. 
Then SE a is contained in some compact subset of a iff there exist f E B 
and 6 > 0 such that 11 rc(f) /I > 6 for all z E S. The condition is sufficient by 
[3, (3.3.7)]. Conversely, let C be a compact subset of A containing S, and 
for every p E C choosef, E B such that p(f,) # 0. Then rc(f,,) # 0 for all rc in 
a neighbourhood V(p) of p, and CE u,;=, I+,) for certain pj. Settingf= 
xi’=, f,*J, one easily checks that n(f) # 0 for all rc E C. 
LEMMA 1.3. Let H be a closed subgroup of G and C a compact subset of 
6. Then there exists a compact subset K of I? such that K n supp 71 1 H # @ 
for all n l C. 
Proof: For any function f on G and x, y E G, set .~ f (y) = f (xy). There 
exists f E C,.(G) with the following properties: 
(i) 11 rc( f) /I 2 4 6 for some 6 > 0 and all 7c E C; 
{ii) x -+ .Xf I H, G --P L’(H) is continuous. 
Let Q s G/H be compact such that supp f z p-‘(Q), where p denotes the 
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quotient map G + G/H. If TV%‘, the Hilbert space of 71, such that 
115 11 < 1 and 11 rc(f)l (I B 3 6, then by Weil’s formula 
Hence, since x -+ II 7c 1 H( ,J I H) II is continuous, 
II~I~~;fl~~ll~~~lQl~l forsome zip-l(Q), 
where IQ I denotes the Haar measure of Q. Applying the continuity of 
x + ,~ f I H, G + L’(H) once more, we get that 
/I&f I W - dxf I HI II G 6 I Q I PI 
for all y in a neighbourhood V(x) of x and every representation p of H. 
Now, if Q s u;=, p( V(x,)), then hz E V(xj) for some j and h E H, and hence 
l/n I HL,f I H)II 6 II= I W,,f I H)II - IIn I W,,f I H- c,f I W 
>,II~~~~~l~~;fI~~/I-~/Ql~‘~~~lQl~’ 
The assertion of Lemma 1.3 follows by setting 
K= tj {=fi; IM,f I H)ll >,6 IQI-'}. 
j= I 
COROLLARY 1.4. Let H be an open subgroup of G. Then e (resp. 6’,) is 
compact lff there exists a compact subset C of fi (resp. fi,) such that Cn 
supp n: I H # @ for all z E G (resp. e,.). If moreover, H is normal, then this 
condition is equivalent to C n G(A) # 0 for all 2 E fi (resp. A,). 
Proof: The necessity of the condition follows from Lemma 1.3 applied 
to, say, the direct sum of all 71 E G (resp. 6,). Conversely, let f E C,.(H) and 
6>0 such that \lz(f)Il>d for all ~EC. If rc~G and ~~Cnsupprr H, 
then 
II n(f) II = II 71 I H(f) II 3 II r(f) II Z 6. 
Suppose now that H is normal. Note that if I E fi and rt E supp IndC, 1, 
then rc ( H N G(1). Conversely, choose ,? E supp rc I H, then C n G(A) g 
Cnsupp 71 I H. 
COROLLARY 1.5. Let p be a representation of G and H a normal sub- 
group of finite index. Zf supp p is compact, then so is supp p I H. 
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Proof Apply Lemma 1.3 to C= supp p. To conclude that supp p ) H is 
compact, it suffices to show that, given r E supp p 1 H, there exists 
rc E supp p such that rc 1 H - G(r). In fact, this can be seen as follows. Let 
Kc H be as in Lemma 1.3, and let f E C,(H) and 6 > 0 satisfy 11 o(f) 112 6 
for all 0 E K. Moreover, choose a finite set A in G such that G = AH, and 
denote by d(x) the modulus of the automorphism h -+ xhx-’ of H. Then 
This proves supp p 1 HcIJ,.~ {FEZ?; IIz(d(a)f”~‘)ll 261. 
Set now A = C*(G)/ker p and let B denote the closed subalgebra 
C*(H) + ker p/ker p = C*(H)/ker p 1 H. For z E supp p 1 H = 8 there exist 
rc E a = supp p and a closed linear subspace L of Z?(X) such that L is n(B)- 
invariant and T is equivalent to rc I B restricted to L [3, (2.10.2)]. Then 
F= LEG x(x)L is z(G)-invariant and hence dense in J?(X). Now, if 
f~ C*(H) such that 0 = I' = z(d(x) f”-‘) for all x E G, then 
0 = 7c(f’)L = 77(x-‘) 7c(f) 7c(x)L 
for all x, i.e., n(f) F= 0. This proves f E ker rc 1 N. Conversely, ker 7c 1 NE 
n,tc ker 5.'. Thus rc I N-G(t). 
Interesting questions with respect to compactness are the following: 
(i) When is supp rt 0 p compact for all rc, p E G? 
(ii) For a closed subgroup H of G and a representation p of H, when 
does IndC, p have a compact support? 
In Section 2, we will solve (i) for almost connected groups. In the 
remaining part of this section, we are going to show that (i) and (ii) can be 
answered completely in the case of [SIN] groups. For that we recall an 
important fact for GE [SIN]. Let G, denote the open normal subgroup of 
G, consisting of all elements with relatively compact conjugacy classes. If 
NE G, is a normal subgroup of G, then the group of inner automorphisms 
of G restricted to N has a compact closure in the full automorphism group 
of N [7]. It follows, that every compact subset of N is contained in a 
G-invariant closed compact subset. 
LEMMA 1.6. Let G be a [SIN] group and N closed normal subgroup of G 
contained in G,. If ll is a compact subset of e, then supp H ( N is also 
compact. The converse holds if, moreover, N is open. 
Proof: By Lemma 1.3 there exists a compact subset K of fi such that 
K n supp z I N # 0 for all rc E H. Since NE G,, K is contained in a com- 
pact closed G-invariant subset S of N. In addition, orbit closures in N are 
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minimal closed invariant sets, and every 7c 1 N is weakly equivalent to some 
orbit. It follows that supp 71 1 NE S for all 7c E 17. Hence supp rc 1 N is 
compact. 
Conversely, if N is open and ?I 1 N has a compact support, then 17 is 
compact by the same argument as in the proof of Corollary 1.4. 
COROLLARY 1.7. If G E [SIN] has a compact reduced dual, then G is 
discrete. 
Proof By [7, Theorem 2.91 there exists an (open) normal subgroup N 
of G of the form N = Vx K, where K is a compact group and V a vector 
group. Clearly, Nz G,. Applying Lemma 1.6 to Z7= G,, we obtain that fi 
is compact and hence that N is finite. 
COROLLARY 1.8. Zf GE [SIN] and II, Q G 6 are compact, then 
supp II Q Sz is compact. 
Proof: Let N be an open normal subgroup of G of the form N = V x K. 
By Lemma 1.6, supp II 1 N and supp Q 1 N are compact. According to the 
structure of N, this implies that 
~=swp(li’I NQQ I N) 
is compact. Again by Lemma 1.6, it follows that supp Z7@ Q is compact. 
PROPOSITION 1.9. Let G be a [SIN] group, H a closed subgroup and p a 
representation of H. Then IndG, p has a compact support if and only if H is 
open and supp p is compact. 
Proof: Let N be an open normal subgoup of the form N = V x K, where 
K is compact and V a vector group. 
Suppose first that H is open and supp p is compact. Then H n N = 
V x C, where C is an open subgroup of K. Since G E [SIN], there exists an 
open subgroup D of C which is normal in G. Lemma 1.6, applied to H and 
M= I/x D, yields that supp p I M is compact. Hence G(supp p I M) is 
compact, and, using Lemma 1.6 once more, we get that 
Z7= {rr~G;n 1 M<G(suppp I M)} 
is compact. Now, IndC, p < I7, since IndG, p I A4 is weakly equivalent to 
G(p ) M). Consequently, IndG, p has a compact support. 
Conversely, suppose that supp(Indz p) is compact. By Lemma 1.6 
Indz p I N has a compact support. Since N is open, 
IndC,p ) N>IndN,,, p I HnN. 
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Set L=HnN, choose any y~suppp[ L and UEN such that El L>y. 
Then a @ Indr p 1 L has a compact support and 
Indf lr.<IndF(y@y)<Ind,N(p 1 L@cl 1 L) 
=cr@Indfp 1 L. 
Now, supp(IndF 1J being compact, we can assume that K is a Lie group. 
It follows that 
V/Vn L-Ind;,, lVnL <IndF 1, I V 
[S, Theorem 5.21. Ind,N 1 L 1 V has a compact support (Lemma 1.6), and 
therefore V n L is open in V. This shows that H 2 V, hence L = V x C for 
some subgroup C of K. Finally, compactness of 
supp(IndT 1 L) = { 1 y} x supp(Indg 1 c) 
implies that C has finite index in K. Thus H is open in G. Since H is open 
and GE [SIN], H contains an open normal subgroup N of G such that 
N c G,. As p I N 4 IndC, p I N, a further application of Lemma 1.6 gives 
that p I N, and then also p, has a compact support. 
2. ALMOST CONNECTED GROUPS AND COMPACTNESS OF 
SUPPORTS OF TENSOR PRODUCTS OF GROUP REPRESENTATIONS 
In this section we are studying the effect that the compactness of sup- 
ports of tensor products of irreducible representations may have on the 
structure of groups. Our final result will be that mentioned in the introduc- 
tion. 
LEMMA 2.1. Let GE [FD] - be a connected Lie group such that 
supp x @ it is compact for all 71 E G. Then G is the direct product of a com- 
pact group and a vector group. 
Proof: Choose a compact normal subgroup C of G such that G/C is 
abelian. Given rc E G, by [9, Proposition 2.11 there exists a subgroup H of 
G containing C and a finite-dimensional (irreducible) representation z of H 
such that 7t w Indg t. Then, since H is normal and dim r < co, 
zO%=Ind$(Indgr I H@f)>Indg(r@s)>IndE 1, -G%. 
Therefore, G% is compact, and G being connected, this implies H= G. 
Hence G is a connected group, all of whose irreducible representations are 
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finite-dimensional. By the Freudenthal-Weil theorem [3, (16.4.6)], 
G = IWd x K, where K is compact. 
LEMMA 2.2. Let G be a connected Lie group, and suppose that G contains 
a normal vector subgroup N such that G/N = V x K, where V is a vector 
group and K is compact. If supp rc @ 71 is compact for all TT E 6, then G is the 
direct product of a vector group and a compact group. 
Proof: The main step is to prove that N is contained in the center of G. 
For that it suffices to show that for every J~fi, the stability subgroup Gi, 
of 1 equals G. We define subgroups L and M of G by 
MZN, M/N= V, and L=GIM. 
Since L/M is a subgroup of the compact group K, L is clearly regularly 
related to itself in the sense of Mackey. Recall that Fell’s weak Frobenius 
property (WFl) [S, p. 4421 is equivalent to amenability. Therefore, it 
follows from [S, Theorem 5.23 that o < Indf CT 1 L for every representation 
o of L. Moreover, z < Indk, r 1 G, for every representation T of GA. In fact, 
Gj, is normal in L as M/N is central in G/N. 
Now, choose r~ c), such that t 1 N- A, and set o = Indh, T and 
rc = IndG,, r. Then rc E G, and 
rc@E=Ind~o@Ind~(r=Ind~(Ind~a 1 L@6) 
> Indf(o @ 8) = Indf(Ind4;, t 0 Indg; ?) 
=Indf(Ind$j,(Ind$j. r 1 Gj. at)) 
> Indz(Ind$,.(r 0 Z)) = Ind&,(r 0 f). 
Note that, if Ni. = {x E N; L(x) = 1 >, then u @ cl > 1 for every representation 
a of Gj, satisfying cr(N,) = I. Indeed, N, is normal in G,, N/N, is contained 
in the center of G,/N,, and G,/NE [FC] -, so that [12, Theorem 3) 
implies the stated weak containment property. We conclude that Ind& 1 
has a compact support. Finally, since G/N is the direct product of a vector 
group and a compact connected group, the last paragraph of the proof of 
Proposition 1.9 shows that G, = G. 
We claim that even M is central in G. To this end choose a sequence of 
closed normal subgroups 
N=N,sN, c.‘. cN,=M, d=dim V, 
such that N,/N,- , = [w. Then N, is a semi-direct product of [w and N, _, . 
An easy induction argument now gives that Nj is contained in the center. 
In fact, NO is central by what we have shown above, and assuming that 
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Nj- i is central, we obtain that Ni = R x Nj- I is a normal vector subgroup 
of G and hence contained in the center of G. 
Thus G has a cocompact center. An application of the Freudenthal-Weil 
theorem completes the proof. 
PROPOSITION 2.3. Let G be an amenable connected Lie group, and sup- 
pose that supp 71 Q il is compact for all 71 E 6. Then G is the direct product of 
a compact group and a vector group. 
Proof. Note first that we can assume that G contains no nontrivial 
compact normal subgroup. In fact, if C denotes the maximal compact nor- 
mal subgroup of G, and if G/C has been shown to be the direct product of 
a compact group and a vector group, then the same is true for G by 
Lemma2.1 since GE [FD]-. 
The proposition follows by induction on the dimension of the radical R 
of G. Indeed, supposing that dim R > 1, there exists a normal vector sub- 
group N of G of positive dimension. By induction hypothesis, G/N is the 
direct product of a vector group and a compact group, and Lemma 2.2 
now implies that G is the direct product of a compact group and a vector 
group. 
LEMMA 2.4. Let G be a noncompact connected semisimple Lie group. 
Then, for some n E G,, supp n @ il is noncompact. 
Proof Suppose first that G has a finite center and is acceptable in the 
sense of Harish-Chandra (see [23, Sect. 8.1.1 I). Let G = KAN be an 
Iwasawa decomposition of G, M the centralizer of A in K and P = MAN 
the corresponding minimal parabolic subgroup. 
For 2 E a and 6 E & let o~.,~ E P denote the representation 
man -+ n(a) 6(m) and ~j,,d the representation of G induced by ci.,&. The 
equivalence classes of the principal P-series representations z~,~ are in one- 
to-one correspondence with the points of the quotient space A^ x &i/W, 
where W is a finite (Weyl) group acting on 2 and fi [ 14, Sect. 4; 22, 
Sect. 55.21. Let G, c G’, denote the set of equivalence classes of irreducible 
principal P-series representations. By a result of Kostant, the n,, are 
irreducible [22, Theorem 552.31. S= { x~,~ ; 2 E a} E G, corresponds to 
and it follows from [14, Theorem 6.21 that S is closed in G. Moreover, 
since A is a nontrivial vector group and W is finite, S is noncompact. But S 
is weakly equivalent to rr @ ii, where n = n,,, = 71. Indeed, if for Jb E a, crj, 
580/73!1-IO 
144 EBERHARD KANIUTH 
denotes the character of MA defined by o>,(ma) =A(a), then by Theorems 1 
and 2 of [17] 
rr@E=Ind$,a, andIndG,,o, =IndzAo, for all 2, 
so that 
Let now H be a connected semisimple Lie group with finite center. Then 
H has a finite covering group G which is acceptable [23, Sect. 8.1.11. 
Denoting by C the kernel of the covering homomorwm, C is a finite 
central subgroup of G. Hence Cc A4 and rc E G/Cn 6, = I?, and 
supp rt @ 71 E Ei is noncompact. 
Finally, consider an arbitrary noncompact connected semisimple Lie 
group F, and let Z(F) denote its center. Then H = F/Z(F) has a trivial cen- 
ter and is noncompact, for otherwise F would be the direct product of a 
vector group and a compact group, hence compact by semisimplicity of F. 
By the preceding paragraph, there exists rc E fi, 5 Fr such that supp rt 0 7c is 
noncompact. 
Remark 2.5. We need that a projective limit G of [SIN] groups is also 
[SIN]. To see this, let U be a neighbourhood of e in G. Then there exists a 
compact normal subgroup K of G such that Kc U and G/KE [SIN]. 
Choose a neighbourhood V of e in G with KVc U, and denote by p the 
homomorphism G + G/K. There exists an open G/K-invariant 
neighbourhood W of {K} in G/K contained in p(V). Then p-‘(W) is 
an open G-invariant neighbourhood of e in G, and pm ‘( W) G 
p-‘(p(V))= VKc U. 
Now it is easy to prove the following 
THEOREM 2.6. For an almost connected group G the following conditions 
are equivalent :
(i) supp II@ Q is compact for all compact subsets Q and Ii’ of i?. 
(ii) supp z @ ii is compact for all ii E 6,. 
(iii) G contains a subgroup of finite index qf the form V x K, where K 
is a compact group, V a vector group and both are normal in G. 
Proof. (iii) * (i) follows immediately from Corollary 1.8. To show 
(ii) * (iii), we note first that if G is a connected Lie group satisfying (ii), 
then G is a direct product of a vector group and a compact group. In fact, 
if R deni the radical of G, then (ii) holds for the semisimple group G/R 
since (G/R), c &‘,. By Lemma 2.4, G/R is compact, and hence G is 
amenable. The assertion then follows from Proposition 2.3. 
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Now, let G be an arbitrary almost connected group. G is a projective 
limit of Lie groups G, = G/K,, 1~1 [19, p. 1751. Then (G,), E G, as K, is 
compact, and G, is a finite extension of its connected component. 
If H is a locally compact group with (ii), then (ii) js inherited by eve<y 
normal subgroup N of finite index. Indeed, given z E N,, there exists rc E G, 
such that ~<z 1 N, and then the compactness of supp z@f follows from 
r@Z<rr@E 1 N and Corollary 1.5. 
We conclude from this and from the first part of the proof, that every G, 
is a finite extension of a direct product of a vector group and a compact 
group. In particular, G, E [SIN] for all I, and therefore GE [SIN] by 
Remark 2.5. By the structure theory of almost connected [SIN] groups, G 
contains an open subgroup H of finite index of the form H = V x K, where 
V and K are as in (iii) [7, Theorem 2.91. 
As an immediate consequence of Theorem 2.6 and Corollary 1.7 we 
obtain 
COROLLARY 2.7. An infinite almost connected group cannot have a 
compact reduced dual. 
3. CONTINUITY OF (x, p)-+ supp n@p 
In [13, Sect. 21 we studied the continuity problem for the mapping 
from G x G into the space X(G) of all closed subsets of 6, where X(G) 
carries Fell’s topology [4]. Recall that a subbasis of this topology is given 
by the sets 
L’(C, V)={AM(@;AnC=@,AnV#@I, 
where C is compact and V open in G. We are going to prove the following 
theorem, which has already been announced in [ 131: 
THEOREM 3.1. Let G be an amenable group containing a compact normal 
subgroup K such that G/K is a Lie group. Then the following are equivalent: 
(i) GE [FC]- 
(ii) The mapping (n, p) -+ supp 7rQp from 6 x (I? into X(G) is con- 
tinuous. 
(iii) The mapping rc -+ supp 71 @I? from d into X(G) is continuous at 
1 G’ 
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(i) * (ii) has been shown in [ 13, Proposition 21. For the readers con- 
venience, we repeat [ 13, Lemma 41: 
LEMMA 3.2. Let GE [SIN] he amenable and first countable. Zf 
rc+supprr@O is continuous at l,, then GE [FC]-. 
Given a locally compact group G, a closed subgroup H and a represen- 
tation n of H, at some points ii will be crucial to have rt i Indg rr ( H, as it 
was in Sections 1 and 2. This is Fell’s weak Frobenius property (WF2), 
which does not hold in general [S, Sect. 63, but is known to be true when 
H is open or normal, when GE [SIN] [ 10, Theorem 3.11, or when G is 
second countable and amenable and H is regularly related to itself [S, 
Theorem 5.21. Unfortunately, in proving Theorem 3.1, we did not succeed 
to dispense with some other suflicient conditions which are given in the 
lemma below. 
Recall that a locally compact group H is called *-regular if the canonical 
mapping 
Prim C*(H) + Prim L’(H), ker rc --) ker rc n L’(H) 
between the primitive ideal spaces of C*(H) and L’(H) is a 
homeomorphism. 
LEMMA 3.3. Let H be a *-regular closed subgroup of G, and suppose that 
the modular functions of G and H coincide on H. Then 7c < IndG, rc 1 H for 
every representation TC qf H. 
Proof. Since H is *-regular, for z< Indz rt 1 H it suffices to show that 
IndC, x I H(f) = 0 implies rc( f) = 0 for f E L’(H). Let cp E C,.(G) and con- 
sider g = cp * pr, where pf denotes the Radon measure on G defined by J: 
Then 
Ind$n(g) = IndEn Ind$n / H(f) = 0 
and Ludwig [ 15, Proof of Lemma 2) has shown that there exists a local 
null set N, in G such that ,g 1 HEL’(H) and rc(.,g 1 H)=O for all x$N,. 
Now 
It follows that 0= z(q ) H) n(f) provided that the mapping x + Ycp ) H 
form G into L’(H) is continuous. Denote by 4 the set of all those q E C,.(G) 
having this property. Then 4 I H contains an approximate identity for 
L’(H). In fact, for every neighbourhood V of e in G choose cp, E C:(G) 
such that q,(e) > 0 and cp, I G\ V= 0 and set 
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then cp: ~q5 and cp: 1 H * f + f for every f E L’(H). This shows that 
n(f) = 0. 
LEMMA 3.4. Let G be a Lie group and A an abelian connected normal 
subgroup of G such that G/A E [FC] -. Let 1 E A, and suppose that z is a 
representation of the stability group G;. of 1 with z 1 A N 1. Then 
T<.U’IGi. 
Prooj The connected component (G/A), = G,/A of G/A is a compactly 
generated [FC] - group, hence the subgroup (GO/A)’ consisting of all 
compact elements in GO/A is compact 17, Theorem 3.201. Define a normal 
subgroup B of G by B 2 A and B/A = (GO/A)“, and set 
Al = {aEA;I(a)= l}, C, = G,B and D = Gj.G,. 
C and D are subgroups of G, D is open, and C is closed, since B/A is com- 
pact and G, 2 A. D being open in G, we have n< Indgx I H for every 
representation rr of G. By definition of B, GO/B is a normal vector subgroup 
of G/B. But a normal vector subgroup Y in an [FC] - group H is central. 
In fact, H/H” is abelian [7, Theorem (3.18)], hence XUX~~U-‘E Vn 
H” = { 0} for v E V and x E H. Using that G,,/B is contained in the center of 
G/B, it is easily verified that C is normal in D. Thus, for every represen- 
tation p of C, p < IndFp ) C, and therefore 
p < Ind$ I C< IndG,p I C. 
It remains to show that t < Ind&z / G,. Set 
K= n xA,x-‘= n A/v. 
‘E c .r’t c 
Then K is normal in C, A E As and r is a representation of GJK. We are 
going to show that C/K has polynomial growth. It will follow then from 
Lemma 3.3 that t < Indg;, t 1 Gj.. In fact, if C/K has polynomial growth, 
then the same is true for GJK, and hence G,/K is *-regular [2], and both 
groups, C/K and G,/K, are unimodular [S]. Now, it follows from [8, 
Corollaire 111.23 that C/K has polynomial growth as soon as we have 
shown that every compact subset of A/K is contained in a compact C/K-in- 
variant set. For that it suflices to prove that every element of A/K has a 
relatively compact orbit under t%ction of C/K by inner automorphisms. 
Consider the set A of all 6 E A/K such that C/K(6) is compact. Since for 
XEC, 
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C(P) = &AX) is compact. Hence A” E A for all x E C. Thus, by definition of 
K, A separates the points of A/K and therefore is dense in A% Now, 
A/K = Rd x F, where F is compact. Therefore, A n @’ is dense in Ii?*, and we 
can assume that A/K = Rd. But every continuous automorphism of a vector 
group is linear, so that A is a linear subspace of Rd. It follows that A = I%“. 
Looking at the dual action on R”, i.e., that by inner automorphisms on R”, 
we conclude that every v E Rd has a relatively compact C/K-orbit. 
LEMMA 3.5. Let G be a Lie group and V a normal vector subgroup of G, 
and suppose that GIVE [FC]-. Zf rc + supp 7~0% is continuous at l,, then 
V is contained in the center of G. 
Proof: Assume that Gj. # G for some 1, E V, and set H= G, and 
j.,, = (l/n)A. Then H = Gj.,, as automorphisms of V are linear. Now, 
and this implies 
IndEl < c {IndG ,T;rEfi,T 1 V4,)sG. 
“=l 
Choose p E supp(Indz 1 ), p # 1 G. Since G/V has a T, primitive ideal space 
U= {AE&‘@); p$Aj is a neighbourhood of { 1,) in X(G). Therefore, by 
assumption, p $ supp z @ 71 for all rc in some neighbourhood W of 1 G in 6. 
By the above, there exists r E fi such T 1 V- A, for some n and n = 
IndzzE W. Setting V,, = {VE V; &(v) = l}, we have ZE @,,, and V/V, is 
central in H/V,,. Since HIVE [FC]-, [12, Theorem 31 yields 1, <z@f. 
By Lemma 3.4, we conclude 
x@il=Ind”r@IndG? H H 
= IndC,(IndG,z 1 HO?) > Indz(r@Z) > Ind$l >p, 
a contradiction. 
Proof of Theorem 3.1. To prove (iii) => (i), we can of course assume 
that G is a Lie group. Let K denote the unique maximal compact normal 
subgroup of G,. Then K is normal in G, and replacing G by G/K we can 
assume that Go has no nontrivial compact normal subgroups. The proof is 
now done by induction on dim Go, the case dim Go = 0 being covered by 
Lemma 3.2. Let dim G, 2 1 and denote by R(G,) the radical of G,. Then 
dim R(G,) 2 1, since G is amenable and G, contains no compact normal 
subgroup. Thus there exists a nontrivial normal vector subgroup V of G. 
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By induction hypothesis, G/VE [FC]-, and Lemma 3.5 yields that V is 
central in G. Now, by the structure theory of [FC] ~ groups, there exists a 
closed connected normal subgroup N of G such that VE Nc G,, N/V is 
compact and G,/N is a vector group [7, Theorem 3.201. N has a cocom- 
pact center, hence a relatively compact commutator subgroup [7, 
Proposition 4.41. Again, since G,, has no nontrivial compact normal sub- 
group, N turns out to be a central vector subgroup of G. It follows now by 
the same argument as in the proof of Lemma 2.2, that G, is a vector group 
and hence contained in the center of G (Lemma 3.5). In particular, 
GE [SIN], and Lemma 3.2 shows that GE [FC] -. 
It is worth mentioning that Theorem 3.1 does not hold for arbitrary 
locally compact groups. In fact, every group with the so-called Kazhdan 
property (T) (i.e., { lG} is o p en in G) satisfies (iii). Note that SL(n, C) has 
property (T) for n > 3 (see [21] ). We conclude the paper by looking at 
SL(2, C). 
EXAMPLE 3.6. The irreducible unitary representations of G = SL(2, C) 
are well known: G = Gp u G, u { 1 G), where cp and G,. denotes the prin- 
cipal and complementary series, respectively. G, consists of representations 
7L m,r 2where m is an integer 2 0 and TV R’ such that t k 0 if m = 0, while 
representations in the complementary series are indexed by a real number s 
with -1 <s ~0. The topology on G has been worked out by Fell (see [23, 
Sect. 7.11): G’p and Gc carry the topology of their parameter spaces. G,, is 
closed in G, and 
More precisely, if s + 0, then 7c, + no.0, and if s -+ -1, then rc, -+ 1, and 
71, + x~,~. Tensor products of irreducible representations of G have been 
computed in [ 161 and [20] ( see also [ 181): Denoting by G’,’ (resp. G; ) 
the set of all nk,r E Gp with k even (resp. odd), the results show that 
if m, n are both even or odd 
otherwise, 
if m iseven 
if m is odd, 
and 
supp(n, 0 x,) = i 
c; if s+t>, -1 
q-7 u {%+,+*I if s+t< -1. 
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By easy calculations, it follows from these equations and the description of 
the topology on C?, that mapping (71, p) -+ supp 7c @ p is discontinuous in 
exactly those points (z, p) with X= 1 or p = 1. In particular, z-+ 
supp 7~ @ T? fails to be continuous only in 1 G. 
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